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A Three–Dimensional Non–Hydrostatic Model for Free Surface Flows –
Development, Verification and Limitations

H. Weilbeer1 and J. A. Jankowski2

Abstract

The theoretical background of a new finite–element non–hydrostatic model for
simulation of free surface flows based on the fractional step method and pressure de-

composition is presented. One of the verification cases concerning the solitary wave
propagation is provided. Further developments concerning more sophisticated tur-

bulence modelling for practical applications as flows around structures or scour
formation are discussed and illustrated with preliminary, but very promising results.

Introduction

The standard version of the code used for simulations presented in this paper, Te-
lemac3D, solves numerically the three–dimensional shallow water equations for in-
compressible free surface flows.  The typical application domains of this model are

geophysical free surface flows with complex geometry. The code was developed in
Laboratoire National d’Hydraulique (Electricité de France, EDF) in Chatou by Paris,
based on the experience gained with a two–dimensional code Telemac2D (Galland,

1991). A description of the three–dimensional, hydrostatic algorithm (Telemac3D)
is given by Janin et al. (1997).
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Telemac3D uses the finite element method for the numerical solution. The mesh

consists of a constant number of tiers of prismatic elements over the whole computa-
tional domain, so that advantage of the �–transformation can be taken. The interpola-

tion functions are linear, which is a good compromise between the approximation
accuracy and the required computational effort. The algorithm is based on the opera-

tor splitting technique which yields a significantly modular algorithm structure. The

code is fully vectorised using the element–by–element method and can be paralle-
lised by domain decomposition. For solution of the linear equations appearing in var-

ious algorithm steps, iterative solvers are used.

The non–hydrostatic version of the code removes the previously existing limita-
tions due to the hydrostatic approximation which is intrinsic in the three–dimen-

sional shallow water equations. Two important aspects are addressed. First, the verti-
cal acceleration in free surface incompressible flows is taken into consideration by

solving the vertical momentum conservation equation. Second, the free surface com-
putation method allows simulation of its movements without limitations typical for
shallow water equations, as the restriction to long waves or to gentle slopes of the

free surface and the bottom.  In following the theoretical background of the non–hy-
drostatic model is outlined.

Non–hydrostatic model formulation

The time (t) dependend hydrodynamic equation set to be solved consists of the
three–dimensional equation of motion (Navier–Stokes), the continuity equation, the

transport equation for a tracer (temperature, salinity, passive effluent concentration),
equation of state and an equation for the free surface position. It is formulated for

geophysical free surface flows in the non–inertial, orthogonal Cartesian co–ordinate
system (x,y,z) connected with the surface of the earth. z points vertically upward in
the direction of –g, the acceleration of gravity. The dependend variables are velocity

u = (u,v,w) and the free surface position S, as well as the pressure p. In order to sim-
plify the basic form of the equations, a number of assumptions, approximations and

simplifications is met. The flow is assumed to be incompressible, so that the density
� can be obtained from a separate equation of state. The variations of density ��
around an average flow density �0 are assumed to be small, so that the Boussinesq

approximation is valid. The eddy viscosity (or diffusivity) concept is introduced to
deal with the fluid turbulence. Leaving the description of the free surface to the next

sections, the set of the governing equations can be written as follows:
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 �u
�t � u�u � 2�� u � � 1

�0
�p�

�
�0

g�� � (��u) (1)

 � � u � 0 (2)

 �T
�t � u�T � � � ��T�T	� qT (3)

 � � �(T, s, c) (4)

In the equation of state (4) the density is a function of transported active tracers,
as temperature T, salinity s and/or suspended matter concentration c, but not of the
pressure. The tracer transport is described using the transport equations (the equation

for temperature (3) is cited above) including a source term qT. Various turbulence
models can be applied in order to obtain the values for eddy viscosity � and eddy dif-

fusivity �T. The non–inertiality of the co–ordinate system is taken into consideration
by introducing the Coriolis force term, where �� is the angular velocity of the earth’s
rotation relative to the inertial system fixed to the distant stars.

For free surface tracking the height function method is applied. This  technique

is based on treating the free surface directly as a moving boundary. The  distance be-
tween the interface and a given reference level is calculated from a separate equation.
Therefore, it requires that the free surface can be represented by a single–value func-

tion (height function) S (x, y, t) with respect to one of the co–ordinate directions. This
approach offers a simple and robust method of simulating environmental free surface

flows. However, the restriction to single valued functions exclude some classes of
flows, as e.g. breaking surfaces, bubbles, drops.

Two most widely used equations for tracking the free surface, the kinematic

boundary condition and the conservative free surface equation are implemented. The
first equation is obtained from kinematic conditions concerning the free surface par-

ticles:

 �S
�t � us

�S
�x � vs

�S
�y � ws � 0 (5)

where the suffix s indicates the velocity components at the free surface. The latter
equation is obtained from integration of the continuity equation over the depth from

the bottom z = –B(x,y) to the free surface z = S(x,y,t), using the kinematic boundary
condition (5) and the impermeability condition at the bottom (similar to (5)). The

obtained conservative form of the free surface equation is:
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 �S
�t �

�
�x
�

S

�B

udz� �
�y
�

S

�B

vdz� 0 (6)

Both equations mentioned above are hyperbolic. The main advantage of the con-
servative equation is that it includes the proper boundary conditions at the bottom

and at the free surface. This approach brings a method of finding the free surface
location while automatically satisfying the mass conservation criterion. However,
the kinematic boundary condition allows easier implementation of some specific

boundary conditions, as e.g. non–reflecting ones.

The treatment of pressure is one of the most characteristic and important features
of the realised algorithm and is discussed in detail. The main idea of the new non–hy-

drostatic model is to decompose the pressure into two physically interpretable parts,
the hydrostatic and hydrodynamic pressures, the latter treated as a form of a correc-

tion to the former. In contrast to the internal flows, in the free surface flows the pres-
sure terms in the momentum conservation equation (1) can be separated into two
terms, consisting of the hydrostatic pressure pH, which can be explicitly computed,

and the hydrodynamic (motion) pressure �, which can be found e.g. by solving a Pois-
son pressure equation. Therefore, in following, the global pressure p is decomposed

into a sum:

 p � pH � � (7)

The hydrostatic pressure pH can be computed from the  free surface elevation and
the local fluid density �(x,y,z) field by integrating the equation of hydrostatics

 
�pH
�z � � �g (8)

in the water column, which yields:

 pH � �
S

z

�gdz� �
S

z

��0 � ���gdz� �0g(S� z) � �0g�
S

z

��
�0

dz (9)

As a result of this decomposition, free surface gradients independent of the den-
sity (barotropic part), horizontal gradients of the pressure resulting from density dif-

ferences (baroclinic part) and gradients of the hydrodynamic pressure appear in the
horizontal equations of (1) for u and v. In the vertical equation (for w) only the verti-

cal gradient of the hydrodynamic pressure remains. Equation (1) transforms to:
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�u
�t � u�u � � g�HS� g�H		




�
�

S

z

��
�0

dz		
�


� 1

�0
��� 2�� u �� � (��u)

                                                                                                                   (10)

The hydrodynamic pressure � can be found from a pressure Poisson equation.
Due to the algorithm structure of the model described here, a special form of this
equation is applied, namely the pressure Poisson equation from fractional step for-

mulation. This equation is obtained from the time–discretised form of the Navier–
Stokes equations. In the solution algorithm the velocity time derivative is treated ex-

plicitly  and can be split into:

 �u
�t � un�1 � u~

�t
� u~ � un

�t
(11)

whereu~  is an intermediate solution for the velocity field, which does not need to sat-
isfy the incompressibility condition. In this way equation (10) can be transformed

into an equation containing all terms but hydrodynamic pressure gradients and a sec-
ond one containing them exclusively:

 

u~ � un

�t
� u�u � � g�HS� g�H		




�
�

S

z

��
�0

dz		
�


� 1

�0
��� 2�� u �� � (��u)

                                                                                                                     (12)

 un�1 � u~

�t
� � 1

�0
�� (13)

Taking into consideration  that the resulting field un�1 must fulfil the incompress-

ible continuity equation (2), the following form of the Poisson equation for the hy-
drodynamic pressure can be derived from (13):

 �2� �
�0

�t
� � u~ (14)

Consequently, the equation (13) can be used to find the final (and divergence–

free) velocity field at the time level n+1.

The boundary conditions for the Poisson equation for the hydrodynamic pressure

(14) require attention. For example, it should be realised that setting the imposed (Di-
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richlet) value of zero for hydrodynamic pressure at a boundary has the physical

meaning of applying purely hydrostatic pressure there. Hydrostatic pressure means
no fluid motion, or that hydrostatic approximation is assumed to be valid. The hydro-

static approximation � � 0 is an acceptable boundary condition for open inflow

boundary sections, where the velocity is thoroughly defined and its divergence is
zero. For viscous flows, at the open boundaries and at free surface, the dynamic

boundary conditions can be implemented:

 � � ��u � �un (15)

where outside pressures and stresses (e.g. wind) are neglected for simplicity and n
represents the normal vector to the boundary. Physical reasoning yields that for those

outflow sections where n � �un � 0, the expression n � �� � 0 is also valid. A
Neumann boundary condition for the pressure Poisson equation (14) at the solid

walls or at the bottom can be obtained from the equations (13) and the impermeability

condition for the final velocity n � un�1 � 0, which yields:

 n � �� �
�0

�t
u~ n (16)

Condition (16) imposes another constraint upon the hydrodynamic pressure field

to be obtained from (14). Namely, it should provide not only the final solenoidal field
but also the fulfillment of the impermeability condition at the solid walls. The disad-
vantage of this method lies in fact that it requires a very good approximation of pres-

sure derivatives at boundaries. However, the values of u
~

n are set to 0 by already ap-
plying the incompressibility boundary condition in the hydrostatic part of equation
(12). In this case, the boundary condition (16) transforms to n � � � 0.

The solution algorithm

The algorithm applied in this model is based on the family of methods  known

under the common name of decoupled methods, where the solution of equation (1)
is obtained in consecutive stages. The main idea of these methods is to solve sequen-

tially a number of smaller, linear equation systems instead of an iterative solution of
a larger, usually non–linear and slowly converging one. The free surface equation is
also solved in a separate step. A number of these methods appear under various

names, as splitting schemes (Galland (1991)), fractional step schemes (Quartapelle
(1993)), projection methods (Chorin (1968), Gresho (1990), Shen (1993)) or pres-

sure methods (Bulgarelli (1984), Casulli (1995)).
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The solution is obtained in subsequent stages (fractional step) treating equations

split into parts which have well–defined mathematical properties, so that the most
adequate methods for a given differential operator type can be used (operator–split-

ting). In the particular case of the finite–element method, the decoupled algorithm
structure allows application of equal–order linear interpolation functions for all vari-
ables. It is presumed, that the Ladyzhenskaya–Babuska–Brezzi condition (LBB–con-

dition, Brezzi (1991)) is circumvented by the fact that the decoupled methods do not

require an incompressibility condition in the form of an explicit equation � � u � 0

occurring in the global equation set.  The incompressibility is asymptotically
achieved by the convergence of a pressure equation solution.

The time derivatives of the variables are split into fractional steps with respect to
the mathematical operator properties and treated with appropriate numerical meth-

ods:

 �u
�t � un�1 � ud

�t
� ud � ua

�t
� ua � un

�t
(17)

In the first step of the non–hydrostatic algorithm the hydrodynamic pressure is
excluded and only the hydrostatic pressure part is taken into consideration. In this

stage (advection–diffusion), the intermediate solution for the velocity field ud � u~

is obtained:

 ud � un

�t
� u�u � � � (��u) � Fu (18)

where the source terms Fu are:

 Fu � � g�HSn � g�H		



�
�
Sn

z

��n

�0
dz		
�


� 2�� un � qu (19)

According to the operator–splitting scheme, this stage is realised in two substeps,
advection (hyperbolic) step and diffusion (parabolic) step, when the method of char-
acteristics for advection, and semi–implicit standard Galerkin FEM for diffusion is

required:

 ua� un

�t
� u � �u � 0 (20)

 ud � ua

�t
� � � (��u) � Fu (21)
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When the semi–implicit streamline upwind Petrov–Galerkin (SUPG) FEM for

advection is chosen, the advection and diffusion steps are realised simultaneously.

In general, the intermediate velocity field ud is not solenoidal and its divergence is

non–zero. Its value yields the source term for the (elliptic) Poisson equation for the
hydrodynamic pressure (14), which is solved in the next algorithm stage (continuity

stage) using standard Galerkin FEM with appropriate boundary conditions.

Consequently, the intermediate solution yielded by the advection–diffusion steps
is corrected by the non–hydrostatic component. This component is computed from

the hydrodynamic pressure gradients (equation  (13)) under the assumption that the
resulting final velocity must be divergence–free in the entire domain (incompressible
flow) and satisfies appropriate boundary conditions:

 un�1 � ud �
�t
�0

�� (22)

In this step the formal velocity projection (to the space of divergence–free vectors)
is performed.

Finally, the free surface is found solving alternatively (5) or (6), which  are hyper-
bolic equations solved with the method of characteristics or the semi–implicit SUPG
FEM. The position of the advancing surface is tracked using a Lagrangian approach,

where the mesh is adapted to the position of the free surface at each time step (so–
called �–mesh).

Model verification

Verification of the algorithm has been performed using a number of benchmark
test cases covering the targeted model application domain. They include free surface

and internal waves, sub– and supercritical channel flow over a steep ramp, wind– and
buoyancy–driven currents (Jankowski (1998)). One of the most simple, but impres-
sive test cases is solitary wave propagation in a long channel.  The solitary wave, be-

ing a non–linear wave of finite amplitude, cannot be described properly in the frame-
work of the shallow water equations. A solitary wave is a single elevation of water

surface above an undisturbed surrounding, which is neither preceded nor followed
by any free surface disturbances. Neglecting dissipation, as well as bottom and lateral
boundary shear, a solitary wave travels over a horizontal bottom without changing

its shape and velocity. The accuracy of the model can be evaluated by comparing the
amplitude and celerity of the wave with its theoretical values, as well as by observing

the conservation of the wave profile as it travels.
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There are numerous analytical studies of this form of non–linear finite–amplitude

wave. The first approximation provided by Laitone (1960) is the most frequently
used for comparative studies. For a vertical section of an infinitely long channel of

an undisturbed depth h (z=0 at the undisturbed surface), the following approximate
formulae for velocity components u, w, free surface elevation �, pressure p and wave
celerity c of a solitary wave with a height of H are valid:

 u � gh� H
h

sech2� 3
4

H
h3 (x � ct)� � (23)

 w � 3gh� �H
h
�

3
2�z

h
� sech2� 3

4
H
h3 (x � ct)� � tanh� 3

4
H
h3 (x � ct)� � (24)

 � � h � H sech2� 3
4

H
h3 (x � ct)� � (25)

 p � �g(�� z) (26)

 c � g(H � h)� (27)

Following the test cases provided by Ramaswamy (1990), a solitary wave de-

scribed by the formulae (23)–(27) is applied in a long channel as an initial condition,
and the behaviour of the solution is observed thereafter. The simulation is performed
in a finite domain, so that care must be taken choosing the initial position of the wave

crest in the channel. The effective wave length �� concept is applied. � is equal to
twice the length between the wave crest and a point where the free surface elevation

is �(x)=0.01H. According to Laitone:

 � � 6.9 h3

H
� (28)

A long channel 600m long and 6m wide, with a constant depth of h=10 m is taken.
The mesh is 6 elements wide and 600 long, with a resolution in the direction parallel
to the channel axis of 1 m.  It consists of 4210 nodes and 7206 elements.  The three–

dimensional mesh has 11 equidistantly distributed levels. Inviscid flow without shear
on the walls and bottom is assumed. All boundaries are impermeable. As the initial

condition the hydrostatic approximation given by formulae (23)–(27) is applied,
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with a wave height of H=2m (H=0.2h) and the initial crest position is  �/2 = 80m away

from the channel end, according to (28). The time step is taken as constant, �t=0.1s,
and the simulation time 40s (Courant number in the direction of wave propagation

from 0.2 to about 1.0 at the wave crest).

For computation of the free surface elevation in the non–hydrostatic case the
semi–implicit �Crank–Nicholson coefficient �=0.55) or implicit SUPG methods

based on the kinematic boundary condition or the conservative free surface equation
are applied. The hydrodynamic pressure is set to zero at the free surface and free Neu-

mann BCs at all other boundaries are imposed.

A comparison between the hydrostatic and the non–hydrostatic solution is pro-
vided in figure 1. In contrast to the non–hydrostatic model,  the hydrostatic one does

not conserve the shape and  amplitude of the solitary wave as it travels.

Figure 1: Solitary wave propagation in a long channel with a flat bottom.  Above:
hydrostatic solution. Below: non–hydrostatic solution found using free surface

computation method based on the kinematic BC solved with implicit SUPG. The
free surface profiles shown for t=0s, 10s, 20s, 30s, and 40s.
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Figure 2: Solitary wave propagation in a long channel with a flat bottom for free
surface computation method based on conservative free surface equation solved

with  SUPG. Above: implicit, below: semi–implicit �=0.55. The free surface pro-
files shown for t=0s, 10s, 20s, 30s, and 40s.

The free surface schemes based on the kinematic BC show dispersive  properties
with ever–growing oscillations of the free surface behind the wave, while the conser-

vative free surface algorithm is not sensitive to such effects. They are also much more
sensitive to the influence of implicitness factor � than the free surface conservative

equation (Figure 2).

There are only a few restrictions limiting the application domain of the non–hy-
drostatic free surface model presented in this paper. Due to the �–mesh structure,
where the mesh nodes must be situated exactly along a vertical line, not all arbitrarily

choosen three–dimensional geometries can be reproduced. Because of the limita-
tions of the height function method, which requires that the free surface must be de-

scribed by a single–valued function, breaking waves cannot be simulated.

Nevertheless, the ability to model three–dimensional hydrodynamical processes
in the vicinity of structures is achieved for several geometries. But, in contrast to the
simulations used for verification of the non–hydrostatic code which were carried out

with simplest turbulence models, this aspect attracts more attention here. The second
part of this paper sketches the preliminary considerations and first experience con-

cerning the more sophisticated turbulence modeling.
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Hydrodynamics in the vicinity of structures

Hydrodynamical processes in the vicinity of structures must be investigated with
larger care for details.  In technically relevant problems, such flows are always three–

dimensional and indicate spatially strongly varying coherent turbulent structures.
The horizontal and vertical scales of these flows may be of the same order of magni-
tude. Due to the large vertical velocities and accelerations hydrodynamical models

based on the hydrostatic assumption cannot be applied.

The horseshoe vortex at the toe of a body which is induced by the stagnation pres-
sure at the front, and the coherent turbulent structures (flow separation, periodic vor-

tex shedding) at its rear belong to the most important and most interesting physical
phenomena of flows around structures (i.e. vertical piles and abutments). They are
also of practical interest. Typical technical problems directly connected with these

flows are e.g. the flow and/or wave induced dynamic load of a structure or vibrations
induced by oscillating loads or alternate separation processes (fluid–structure inter-
action). Furthermore the scour processes induced by these flows in the vicinity of

structures are of vital importance in civil engineering.

Turbulence Modeling

The modeling of these phenomena is demanding for the hydrodynamical–numer-
ical model, in particular turbulence modeling. Two totally different approaches are

possible. On one hand statistical turbulence models based on the Reynolds averaged
Navier–Stokes equations (RANS) are popular; on the other,  large eddy simulations
(LES) based on spatial filtered Navier–Stokes equations have aroused growing inter-

est lately.

Statistical turbulence models are often applied for this task, but they are not suit-
able because they yield both the periodic and the turbulent fluctuations and therefore
overpredict the turbulent stresses. In the case of LES the turbulent effects, which are

reproducible by a given mesh resolution, are directly simulated. Only the subgrid
scale turbulent stresses are taken into consideration by a turbulence model. LES con-

cept is very promising, but seems to be too expensive for technically relevant Re-
ynold numbers. Recently Very Large Eddy Simulations (VLES) are under develop-
ment  (Speziale (1998)) which can possibly close the gap between RANS and LES.

In order to gather more experience in modeling turbulent phenomena in the vicin-

ity of structures flow around a circular cylinder is simulated, because of the broad
availability of the results from experimental (e.g. Sumer (1997)) and numerical in-

vestigations (e.g. Fröhlich (1998), Breuer (1998)) for comparisons.
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Examples

As mentioned above in the standard version of Telemac3D the turbulent viscosi-
ties can be set to constant values, or obtained from a mixing length model or a k–�

turbulence model. In the first test case an experiment was simulated which was car-
ried out in a large wave flume. A solitary wave with a wave height of H=0,80m passes
a vertical pile (diameter d=0.70m) (Figure 3). This is one of the most straightforward

cases from numerous experimental series, whereby the forces induced by breaking
and non–breaking waves on the vertical pile were measured. In the model, in a first

attempt constant eddy viscosities for horizontal momentum exchange were chosen,
and a mixing length model for vertical viscosities. As a result two symmetrical recir-
culation zones occur in the rear of the cylinder, but neither flow separation nor horse-

shoe vortex (Sumer (1997)) were observed. The forces from the solitary wave on the
pile are not yet calculated.

h[m]

0.000
0.100
0.200
0.300
0.400
0.500
0.600
0.700
0.800
0.900

��	
����� ����

Figure 3: Solitary wave in the Large Wave Flume in Hannover.

In an next step two–dimensional simulations of a circular cylinder (d=0.10m) in
a stationary flow field were carried out with Telemac2D in order to test different
components of LES. The mesh resolution is refined nearby the walls, and no–slip

boundary conditions for the velocities at the cylinder are prescribed. A two–dimen-
sional version of the Smagorinski turbulence model is applied. It seems that the two–

dimensional simulations gives a good representation of the quasi–two–dimensional
mechanisms of the flow separation and the periodic vortex shedding motion (Bouris
(1999), Sun (1996)). The Strouhal number of this period is in a good agreement with

experimental data (St=0.21), as well as the Strouhal number of a square cylinder
(St=0.14), for exact the same modelling conditions. The occurrence of a vortex street

depends strongly on the grid resolution (Figure 4).
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Figure 4: Zoom of the computational mesh and resulting flow velocities of a two–
dimensional flow around a circular cylinder (Re=100.000, St=0.21).

The last example is included in order to illustrate the direction of future develop-

ments (Figure 5). In the same model setting as described above the flow field is calcu-
lated with the three–dimensional hydrostatic code. Sediment transport is calculated

as well. A horseshoe vortex occurs which is responsible for the scour pattern in the
front of the cylinder. However, by first application tests using the non–hydrostatic
version, the horseshoe vortex disappears, probably due to incompatible boundary

conditions. The future developments regarding three–dimensional turbulence mod-
eling will hopefully improve the results, so it will be possible to simulate flow and

sediment transport in the vicinity of structures under nonstationary conditions.
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Figure 5: Horseshoe vortex in front of a circular cylinder and calculated scour
pattern. The flow field and the related sediment transport is calculated using the

standard code of Telemac3D.

Conclusions

The model presented in the paper has been developed for dealing with  free surface

flows, where the hydrostatic approximation is not appropriate. Only a few less im-
portant restrictions concerning the free surface shape and the boundary geometry re-

main. The model has been thoroughly verified using typical examples from its aimed
application domain. The further developments are concentrated on more sophisti-
cated turbulence modelling, with the accent on large eddy simulation (LES).

Introductory tests using the two–dimensional model version show that this approach
yields promising results. However, turbulence is a three–dimensional phenomenon,

so that the fully three–dimensional approach is required.
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